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Bayesian inference of the physical properties of Be stars
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Abstract. Be stars are fast rotating B type stars that have a circumstellar viscous Keplerian disk. The model that best describes these
objects nowadays is the Viscous Decretion Disk model (VDD), which has been successfully tested by several works, and is now
cemented as the paradigm for Be stars. In the framework of the VDD, we combine a Bayesian-MCMC code with the BEATLAS grid
(a set of thousands of state-of-the-art radiative transfer models) to infer the fundamental parameters of stable Be stars, as well as their
errors and correlations. We present here the results of this novel analysis for 3 Be stars: α Ara, α Col and β CMi, for which we were
able to determine stellar, geometric and disk parameters. The pipeline developed in this work is ready to be applied to other Be stars
as well.
Resumo. Estrelas Be são estrelas de tipo espectral B com alta rotação que possuem um disco circunstelar Kepleriano viscoso.
O modelo físico que melhor descreve esses objetos atualmente é o modelo do Disco de Decréscimo Viscoso (VDD), que foi
testado em diversos trabalhos e é agora o paradigma para estrelas Be. No contexto do VDD, combinamos um código de análise
Bayesiana-MCMC com o BEATLAS (uma grade de milhares de modelos de transferência radiativa) para inferir os parâmetros
fundamentais de estrelas Be estáveis, assim como suas incertezas e correlações. Apresentamos aqui os resultados dessa nova análise
para 3 estrelas Be: α Ara, α Col e β CMi, para as quais conseguimos determinar parâmetros estelares, geométricos e do disco. A
pipeline desenvolvida nesse trabalho está pronta para ser utilizada em outras estrelas Be.
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1. Introduction
Be stars are a class of main sequence B stars that present very
rapid rotation and excess emission of neutral hydrogen (most
notably lines of the Balmer series in emission) and continuum
processes such as free-bound recombination and free-free emission. This excess emission comes from a gaseous Keplerian disk
formed from matter ejected from the central star through a still
unknown process (the so-called Be phenomenon). Nowadays,
the theoretical model that best describes the workings of Be
disks is the Viscous Decretion Disk (VDD) (Lee et al. 1991, see
also Bjorkman 1997, Porter 1999, Okazaki 2001, Bjorkman &
Carciofi 2005). In the VDD model, some mechanism accelerates
stellar material so that it leaves the star and enters orbit. From
this point onwards, turbulent viscosity redistributes the material,
building the Be disk (Rímulo et al. 2018, Rivinius et al. 2013).
Variability is a common feature of Be stars, in time scales
varying from hours to decades. Be disks may not always be
present, meaning that these stars can be observed during an “active", where they have a disk or are forming one, or “inactive”,
where they are diskless (Rímulo et al. 2018, Wisniewski et al.
2010). Even though a truly stable Be star disk is theoretically
not possible, some cases can come very close to it, with a Be
on its active phase showing very little variation over the course
of years to even decades. A disk that was formed subject to a
roughly constant mass injection rate reaches a simpler configuration, which can be readily compared to observations, in contrast to Be stars with more variable disks (Haubois et al. 2012).
These stable Be stars are perfect for testing the VDD model,
since the lack of variability simplifies the modelling procedure.
Indeed, multi-technique and multi-wavelength modelling of individual Be stars with stable disks have been made (e.g., ζ Tauri
- Carciofi et al. 2009, 48 Lib - Silaj et al. 2016 and β CMi Klement et al. 2015) using models generated by the Monte Carlo
radiative transfer code hdust (Carciofi & Bjorkman 2006), all
successful tests for the VDD model.

Although these studies were important as first verifications
of the VDD model, they lack a more robust statistical treatment, for instance in determining the uncertainties of the best-fit
parameters, and their correlations. We present here a new approach that infers both stellar and disk parameters at once, using
Monte Carlo Markov Chain (MCMC) based Bayesian data analysis and a massive grid of radiative transfer Be star models, the
BEATLAS grid.

2. Methodology
2.1. BEATLAS
In order to properly account for the radiative transfer in a Be
star and create realistic physical models in the framework of the
VDD, we use the hdust code (Carciofi & Bjorkman 2006 and
Carciofi & Bjorkman 2008). The code is capable of simultaneously solving the radiative and thermal equilibrium conditions,
so that the disk temperature is obtained self-consistently with
the radiative transfer. The output consists in images, flux and
polarization for any desired spectral interval that can be readily
compared to observations.
Our hdust models are constituted by a central star defined
by its mass (M), rotation rate (W), and time of life of the star
on the Main Sequence (t/t MS ), and by a gaseous hydrogen circumstellar disk. A Be disk in the VDD model is dominated by
viscosity, which is responsible for spreading the flow ejected by
the star from the base of the disk to larger radii, and therefore
build and maintain the disk. For a quasi-steady Be star, the disk
density structure can be described by steady-state VDD equations (Bjorkman & Carciofi 2005, Krtička et al. 2011) where the
density of the disk follows a power law
ρ ∝ Σ/H ∝ r−n ,

(1)

where ρ0 is the base volumetric density, Σ is the surface density
and H is the scale height of the disk. In hdust, the base density
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Table 1. Disk and stellar parameters for the BEATLAS grid.
Stellar parameters

Values

M [M ]

3, 4, 5, 7, 9, 12, 15, 20

W

0.5, 0.75, 0.85, 0.92, 0.99

t/t MS

0, 0.5, 1, 1.02

Disk parameters

Values

Σ0 [g/cm2 ]

0.002, 0.005, 0.011, 0.024, 0.054, 0.119,
0.262, 0.579

n

1.5, 2, 2.5, 3, 3.5, 4, 4.5

Rd [Req ]

10, 20, 30, 40, 100

Table 2. Disk and stellar parameters for the Be star β CMi as obtained
by Klement et al. (2015) and this work, respectively. Values marked
with * were kept fixed by Klement et al. (2015) in their work.
Parameters

Klement et al. (2015)

this work

M [M ]

3.5*

3.66+0.06
−0.10

W

0.98

0.85+0.08
−0.05

t/t MS

0.3*

0.63+0.04
−0.05

logn0 [cm−3 ]

12+0.18
−0.30

11.95+0.04
−0.03

n

2.9+0.10
−0.10

2.37+0.06
−0.05

Rd [Req ]

42.86+4.36
−2.81

i [deg]

35+10
−5
43+2
−3

d[pc]

49.6*

50.47+0.54
−0.49

E(B − V)

0.01*

0.03+0.01
−0.01

41.02+1.15
−1.29

of the disk (ρ0 or Σ0 ) and the radial density exponent (n) are
input parameters, as well as the total disk radius (Rd ) and the
stellar parameters. By varying these parameters inside the ranges
possible for Be stars, a massive grid of models called BEATLAS
was build (see Table 1).
The great advantage of BEATLAS is that it is universal: in
principle, any Be star should be covered by this grid. Therefore,
there is no need to create tailor-made grids for each star we wish
to expand our analysis to, which would be very time consuming given the complexity of the hdust. BEATLAS is still under
construction: as of now, we have the lower-mass part of the grid
(from 3 to 5 M ) complete, and the purely photospheric grid
complete for the all stellar ranges.
2.2. Bayesian-MCMC
In recent years, the use of Bayesian-MCMC data analysis in astronomy has grown exponentially. Advances in both engineering
and computer science have made MCMC codes, once too computationally (and monetarily) expensive, available to the scientific community at large, leading to a revolution in the way we
see data in science. One of the cases in which such an approach
can be used is the finding the best fit model to a set of data. Given
a grid of pre-calculated models, an MCMC code is able to determine the probability density function of each model parameter,
providing, therefore, a very good estimative of not only the true
value, but also the errors and correlation with other parameters.
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Describing the problem of fitting a model to a set of data
with Bayes’ theorem
p(H|D, I) =

p(D|H, I)p(H|I)
,
p(D|I)

(2)

where H is the hypothesis made regarding the data (our
BEATLAS model), D is the data itself (from observations) and
I is the background information we have on the problem, which
is previously known to us (data from literature). The posterior
p(H|D, I) is the probability of the model being correct, given the
data and the background information. p(D|H, I) is the likelihood:
the probability of getting the data given our model and the background information. The prior p(H|I) is the probability of the
hypothesis being correct, considering just the background information. p(D|I) is our observational data and prior information.
With this formulation, the distribution now has to be sampled
in order to find the posterior for different combinations of model
parameters and obtain the PDF for each parameter, and their correlations.
The sampling technique used in this work is a Markov
chain Monte Carlo method. We use the python MCMC implementation emcee (Foreman-Mackey et al. 2013), which follows
the Metropolis-Hastings algorithm very efficiently. The code to
analyse our models and data with emcee was written in python
and is called bemcee. The code first reads in the BEATLAS models and the files with the observational data. It generates a list
p of random stellar and disk parameters, inside the model grid
range. BEATLAS is interpolated and generates the model M p
corresponding to the p parameters. The likelyhood is simply the
χ2 of the fit of M p to our dataset. The prior information is literature data for v sin(i) and distance of the Be star, and is considered
by the code when calculating the likelihood. This process is repeated by the code until convergence is reached.

3. Results
3.1. β CMi
Klement et al. (2015) performed an extensive analysis of the Be
star β CMi for a wide range of observations (photometry, spectroscopy, polarimetry and interferometry) using HDUST models. In their procedure, they performed individual fits for every
observable and obtained the values for the parameters listed in
Table 2.
Our Bayesian-MCMC analysis of β CMi was limeted to optical and IR photometry, and used the same SED data from 0.1
to 870 µm as Klement et al. (2015). The resulting corner plot
for the fit is shown in Figure 1, and the parameter results are
in Table 2. The greatest discrepancies between our results and
those of Klement et al. (2015) are in the age of the star, that was
not a free parameter in their analysis, and of the radial density
exponent n. The reason for the difference is likely caused by the
addition of the age and mass as free parameters, and the priors
set on the inclination and distance. All those factors greatly influence the results, as the relations between parameters are not
linear.
Our analysis was able to, using just SED data, recover the
parameters derived by Klement et al. (2015), with a more formal
statistical consideration of the non-linearity of the problem, deriving stellar, disk and geometric parameters in a self-consistent
fashion.
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Figure 1. Parameter PDFs for this work’s results for model fitting of

the Be star β CMi (purple) compared to those of Klement et al. 2015 (in
green).

Figure 2. Parameter PDFs for this work’s results for model fitting of
the Be star α Ara.
Table 3. Disk and stellar parameters for the Be star α Ara as obtained
by this work. T e f f and L are obtained by interpolating the the Geneva
stellar evolution models (Georgy et al. 2013) for our results for mass,
age and rotation rate.

3.2. α Ara
We expanded the Bayesian-MCMC analysis to other known stable Be stars to further test our methodology. Once again we only
used SED data, from 0.1 µm to 3.5 cm. Data was obtained using VO tools1 , that gather data from several catalogues. The
photometric data comprises results of several observational missions: Ducati (2002), Hipparcos (Perryman et al. 1997), IUE2 ,
2MASS (Skrutskie et al. 2003), TYCHO (Høg et al. 2000)
and the Catalogue of Homogeneous Means in the UBV System
(Mermilliod 1997) in the visual domain; DENIS, IRAS, WISE
(Cutri & et al. 2014) and AKARI (Ishihara et al. 2010) in the IR
domain; and MSX (Egan et al. 2003), and SDSS in the cm region. The results of our fit of the data to BEATLAS models are
listed in Table 3.
We find that the parameters for α Ara are comparable within
2σ to previous determinations in literature. For the temperature T e f f , our results are compatible with Dachs et al. (1988),
Dachs et al. (1990), Chauville et al. (2001), Frémat et al. (2005),
Meilland & Stee (2006), Meilland et al. (2007), Meilland et al.
(2009), and Hamed & Sigut (2013). For the inclination angle i,
our result is compatible with Chesneau et al. (2005) and Frémat
et al. (2005). For the luminosity L the values agree with the
Chesneau et al. (2005). Increasing the range to 3σ, we have an
agreement for all previous results for T and i. In the case of
the stellar mass M, our result agrees only with the values published by Zorec et al. (2005) and Meilland et al. (2009). After
increasing the confidence level, the only stellar radius Req that
is in concordance with our estimate is the one inferred by Zorec
et al. (2005).
1
2

http://svo2.cab.inta-csic.es/theory/vosa/
http://sdc.cab.inta-csic.es/ines/

Parameters

this work

M [M ]

7.28+0.24
−0.20

W

0.78+0.05
−0.06

T e f f [K]

18215.61+496.07
−482.92

L [L ]

1940.54+323.17
−277.03

t/t MS

0.38+0.14
−0.18

log n0 [cm−3 ]

13.22+0.12
−0.13

n

2.87+0.09
−0.12

Rd [Req ]

19.29+2.28
−1.66

i [deg]

48.8+4.96
−2.39

d[pc]

88.36+4.38
−4.08

E(B − V)

0.03+0.01
−0.01

3.3. α Col
The Be star α Col received the same treatment as α Ara. We once
again collected SED data using VO tools, covering the range
from 0.1 µm to 6.3 cm, from catalogues Hipparcos (Perryman
et al. 1997), IUE3 , 2MASS (Skrutskie et al. 2003), TYCHO
(Høg et al. 2000), and the Catalogue of Homogeneous Means
in the UBV System (Mermilliod 1997) in the visual, and IRAS
4
, WISE (Cutri & et al. 2014) and AKARI (Ishihara et al. 2010)
in IR. We also have data from the ESO’s APEX at 870 µm and
literature data from Clark et al. (1998) and Taylor et al. (1990) in
3
4

http://sdc.cab.inta-csic.es/ines/
https://irsa.ipac.caltech.edu/Missions/iras.html
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Figure 3. Parameter PDFs for this work’s results for model fitting of
the SED Be star α Col.

the radio region. Our results for the SED are presented in Figures
3.
For α Col we also explored the use of Bayesian-MCMC for
the polarization, using data from Observatório Pico dos Dias 5 .
Given that polarization is scattered light, it was expected it would
only be able to put constraints on disk parameters. To use this
observable to best effect, we set priors to the stellar parameters so
that the information on the disk could be unveiled. To do that, we
ran a separate bemcee run using just the UV and visible parts of
the SED, since most of the flux in this region comes directly from
the star (Vieira et al. 2015). Using kernel density estimators, we
set the PDFs for mass, rotation rate and age found on this run as
priors to the polarization bemcee run. The results are in Figure 4,
as well as the 3 PDFs used as priors.
The best fit model for the polarization gives us parameter
determinations very similar to the ones obtained with the SED.
This is an important result: two fundamentally different observables, photometry and polarimetry, are agreeing of the disk properties and on the inclination angle and distance of the system.
Fig. 5 is the combined corner plot for the SED (in purple) and
polarimetry (in green) best results. The PDF resulting of the multiplication of the two results is the black outline. Table 4 presents
the parameters of this combination. We can see that parameters
such as cos(i) and parallax, which were defined well for both the
SED and polarimetry the end result is a sharper PDF and smaller
errors on the value reached.
One advantage of the Bayesian-MCMC analysis is that the
correlations between the parameters are self-consistently determined during the amostration of the parameter space. For a better visualisation, we refer to the chord diagram on Fig. 6. On a
chord diagram, each section of the circle represents one parameter. The bands connecting two sections represent the correlation
between them. The broader the band, the more significant the
relative correlation. Some parameters are intensively correlated,
such as the disk base density log n0 and the radial density exponent n, while others, such as mass and rotation rate W seem not
to be correlated at all. The age parameter seems to be the least
5
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Figure 4. Parameter PDFs for this work’s results for model fitting the
polarization of the Be star α Col.

Table 4. Disk and stellar parameters for the Be star α Col as obtained
by this work. T e f f and L are obtained by interpolating the the Geneva
stellar evolution models (Georgy et al. 2013) for our results for mass,
age and rotation rate.
Parameters

this work

M [M ]

4.57+0.04
−0.05

W

0.85+0.07
−0.05

T e f f [K]

13936.59 ± 432.78

L [L ]

711.98 ± 153.75

t/t MS

0.90+0.03
−0.03

log n0 [cm−3 ]

11.83+0.07
−0.07

n

2.33+0.17
−0.12

Rd [Req ]

23.68+3.13
−2.68

i [deg]

34.91+3.13
−1.95

d [plx]

12.48+0.15
−0.14

correlated, while cos(i) and parallax are the most, with significant correlations with all others.
Some correlations are very direct and simple to explain. For
instance, the rotation rate is tied with the inclination, as a star
seen pole-on would not seem to be rotating, while rotation would
be clear on an edge-on case. The disk base density log n0 and the
radial density exponent n correlation can be better understood in
terms of emission by a pseudo-photosphere. If n increases, the
spectra becomes steeper, which translates in the SED as less flux
excess. To remedy this, the disk would have to be denser, which
will increase the excess. In this way, a disk with a steeper density
slope and a denser inner disk have a similar SED than a disk with
a shallower density slope, with a tenuous inner disk. The parallax
correlates to all parameters but the inclination, as bringing the
star closer would increase its flux in all wavelengths, an effect
that could also be created by varying the parameters.
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niques and state of the art radiative transfer models generated
by the hdust code. The results obtained for the Be star β CMi
agree with those obtained by Klement et al. (2015), even when
analysing just the SED of the star. For α Ara and α Col, the
parameters are consistent with some previous determinations
from literature, and have the advantage of being determined selfconsistently. In particular for α Col, results from our analysis for
the SED and polarization agree find consistent values for the distance, inclination and base density of the disk. With the creation
of a universal grid of models, the BEATLAS, and the bemcee
code, our method can be expanded for other Be stars, and in the
future become a fully automated process. This work will have
important impact on how we understand Be stars, and the role of
rotation in massive star evolution.
Acknowledgements. ACR acknowledges FAPESP grant 2017/08001-7.

References

Figure 5. Combined corner plots for the SED and polarization of the
model fitting of the Be star α Col.

Figure 6. Chord diagram referring to the corner plot on Fig. 3.
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